Introduction {#Sec1}
============

Graph theory has been used in almost every field of study. A branch of graph theory that deals with the study of molecular compounds in terms of a simple connected planar graph is known as chemical graph theory. The compound's atoms are the vertices of graph, where the edges represent the bonds between the atoms. The number of edges associated with a vertex of the graph is called the degree of the vertex; on the other hand, in the chemical graph theory, the degree of a vertex is the valency of the atom. Therefore, the algebraist uses Graph Theory as a tool to understand the structure of a molecular compound. Graph theory is also very effective in studying the structural properties of chemical compounds in quantum chemistry. A numerical quantity called topological index can be used to study the properties of a chemical compound. Some of the graph-related topological indices are based on polynomial, distance, and degree. The Geometric-arithmetic (GA) and Atom-bond connectivity (ABC) are the most studied topological indices and play a dynamic role in characterization of a molecular compound. Over the last five decades, several researchers have been focusing in this area of graph theory^[@CR1]--[@CR7]^. H. Wiener introduced the topological index and named it the path number and later the Wiener index^[@CR8]^. In^[@CR1]^ S. Hayat and co-authors studied several topological indices based on the degree of vertices for certain graph structures. Imran *et al*. studied the structural properties of graph and developed closed formulae of ABC, ABC~4~, ABC~5~, GA, GA~4~ and GA~5~ indices for sierpinski networks^[@CR7]^. M. Darafsheh in^[@CR9]^ determined the Wiener, Padmakar-Ivan and Szeged indices through various technique. Further in^[@CR10]^ A. Ayesha and A. Alameri examined numerous indices such as; Wiener index, Wiener-type invariants, Hyper-Wiener index, Wiener polarity index, Schultz and modified Schultz indices for mk-graph. Wei Gao and co-authors discussed topological indices for the structures of the cyclo alkane's family based on the graph's eccentricity^[@CR11]^. More information on topological indices and chemical structures of various graphs is available in the literature and suggested for readers^[@CR12]--[@CR19]^.
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                \begin{document}$$G=(V(G),E(G))$$\end{document}$ be a simply connected planner graph, where $\documentclass[12pt]{minimal}
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                \begin{document}$$E(G)$$\end{document}$, is the set of edges of graph *G*. For any vertex, $\documentclass[12pt]{minimal}
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                \begin{document}$$NG(x)\,=\{y\in V(G)/xy\in E(G)\}$$\end{document}$ is called open neighborhood of *x*.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Sx=\sum _{y\in {N}_{G}(x)}dy.$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{y}$$\end{document}$ denotes the degree of vertex $\documentclass[12pt]{minimal}
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                \begin{document}$${s}_{x}$$\end{document}$ is the sum of the degrees of all open neighborhoods of $\documentclass[12pt]{minimal}
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The history of some degree-based topological indices is discussed here; Estrada *et al*.^[@CR20]^ described the degree-based topological index named the atom-bond connectivity index (ABC). That is,$$\documentclass[12pt]{minimal}
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                \begin{document}$$ABC(G)=\sum _{xy\in E(G)}\sqrt{\frac{dx+dy-2}{dxdy}}$$\end{document}$$

In^[@CR21]^, Ghorbani with co-authors gave the closed formulae to compute the fourth version of atom-bond connectivity index ($\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}$$\end{document}$). The relation to evaluate the $\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}$$\end{document}$ index in terms of sum of degrees of neighboring vertices is;$$\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}(G)=\sum _{xy\in E(G)}\sqrt{\frac{{s}_{x}+{s}_{y}-2}{{s}_{x}{s}_{y}}}$$\end{document}$$

Damir Vukičević and Boris Furtula formulated degree based Geometric-arithmetic index (GA) in^[@CR2]^ and is defined as;$$\documentclass[12pt]{minimal}
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                \begin{document}$$GA(G)=\sum _{xy\in E(G)}\frac{2\sqrt{dxdy}}{dx+dy}$$\end{document}$$

In^[@CR22]^, utilizing the concept of Geometric-arithmetic index (GA), A. Graovac and M. Ghorbani defined the fifth version of Geometric-arithmetic index ($\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}$$\end{document}$) based on the sum of degrees of neighboring vertices. The fifth version of Geometric-arithmetic index ($\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}$$\end{document}$) is given as;$$\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}(G)=\sum _{xy\in E(G)}\frac{2\sqrt{{s}_{x}{s}_{y}}}{{s}_{x}+{s}_{y}}$$\end{document}$$

For more information see^[@CR23]--[@CR27]^.

Hexagonal boron nitride graph {#Sec2}
-----------------------------

The hexagonal boron nitride graph is a simple connected planner graph. The horizontal and vertical rings of the hexagonal boron nitride graph are shown in Fig. [1](#Fig1){ref-type="fig"}. If *n* denotes the number of horizontal rings, then the total number of rings will be *n* × *n*. The order of the Graph $\documentclass[12pt]{minimal}
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                \begin{document}$$3{n}^{2}+4n-1$$\end{document}$. The name used to symbolize boron nitride is BN. The 2D covalent structure of the boron nitride graph has two types: cubic and hexagonal. In present study, we are considering the graph of hexagonal boron nitride. The melting point of boron nitride is below the pressure at, $\documentclass[12pt]{minimal}
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                \begin{document}$$\,-{3000}^{^\circ }{\boldsymbol{C}}$$\end{document}$' which shows great thermal stability of boron nitride. The atoms of boron and nitrogen are connected alternatively in the structure of boron nitride and form a hexagonal structure. In the hexagonal network, equal numbers of boron and nitrogen atoms are involved in the formation of hexagons. The bond length between the atoms is, 0.145 nm B-N-B angle, or N-B-N is 120°. The structure of the hexagonal BN is single layered and found in nanotubes.Figure 13 × 3, hexagonal boron nitride graph.Figure 2$\documentclass[12pt]{minimal}
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                \begin{document}$$\,n\times n$$\end{document}$, hexagonal boron nitride graph.

Carbon nanotubes graph {#Sec3}
----------------------
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                \begin{document}$$(CNT)$$\end{document}$ is a simple connected planner graph shown in Figs. [3](#Fig3){ref-type="fig"} and [4](#Fig4){ref-type="fig"}. The carbon nanotube has two sets of rings, that is; vertical and horizontal. The one set contains $\documentclass[12pt]{minimal}
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                \begin{document}$$n-1$$\end{document}$ horizontal rings. The carbon nanotube graph shown in Fig. [3](#Fig3){ref-type="fig"}, has $\documentclass[12pt]{minimal}
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                \begin{document}$$6{n}^{2}+3n-2,\,$$\end{document}$number of edges. The term CNT is used to describe the structure of carbon nanotubes. Most of the carbon nanotubes have diameter close to 1 nm and length of the bond between carbons-carbon atoms and angle between the atoms depends upon the structure of the carbon nanotubes. In this paper, we consider the $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ge 2$$\end{document}$.Figure 3Graph of carbon nanotubes.Figure 4Graph of carbon nanotubes with $\documentclass[12pt]{minimal}
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                \begin{document}$$GA\,$$\end{document}$indices for the network of hexagonal boron nitride are;i.$\documentclass[12pt]{minimal}
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**Proof**: The hexagonal boron nitride graph presented in Fig. [2](#Fig2){ref-type="fig"} has three sorts of edges regarding the degrees of vertices. The edge segment of the boron nitride graph on the premise of degrees of vertices are shown in Table [1](#Tab1){ref-type="table"} underneath:i.The ABC index of a graph G is defined as;$$\documentclass[12pt]{minimal}
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                \begin{document}$$ABC(G)=\sum _{xy\in E(G)}\sqrt{\frac{dx+dy-2}{dxdy}}$$\end{document}$$Hence, we obtained the following result using the values of Table [1](#Tab1){ref-type="table"} and simplifying it.$$\documentclass[12pt]{minimal}
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                \begin{document}$$ABC(BN)=\sqrt{3}{n}^{2}-4\left(\frac{1}{\sqrt{3}}+\sqrt{2}\right)n+\left(\frac{1}{\sqrt{3}}-5\sqrt{2}\right)$$\end{document}$$ii.The geometric-arithmetic index (GA) is defined as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$GA(G)=\sum _{{\rm{xy}}\in {\rm{E}}({\rm{G}})}\frac{2\sqrt{{\rm{dxdy}}}}{{\rm{dx}}+{\rm{dy}}}$$\end{document}$$Table 1Edge segment of BN graph on the premise of degree of vertices.(*d*~*x*~, *d*~*y*~)Number of edges(2, 2)6(2, 3)8(*n*−2)(3, 3)(*n*−1)(3*n*−1)

We obtained the following result using the values of Table [1](#Tab1){ref-type="table"} in the above equation.$$\documentclass[12pt]{minimal}
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                \begin{document}$$GA(BN)=3{n}^{2}-4(1-\frac{4\sqrt{6}}{7})n+7$$\end{document}$$
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**Proof:** The hexagonal boron nitride graph has six types of edges based on the sum of the degrees of neighborhood. This form of edge partition shown in Table [2](#Tab2){ref-type="table"} below:i.The fourth version of ABC index is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}(G)=\sum _{xy\in E(G)}\sqrt{\frac{{s}_{x}+{s}_{y}-2}{{s}_{x}{s}_{y}}}$$\end{document}$$Thus, we have calculated $\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}$$\end{document}$ index of hexagonal boron nitride graph, using the values of Table [2](#Tab2){ref-type="table"} in the above equation;$$\documentclass[12pt]{minimal}
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                \begin{document}$$AB{C}_{4}(BN)=\frac{4}{3}{n}^{2}+4\left(\frac{21\sqrt{2}+10}{63}\right)n+\left(2\sqrt{\frac{7}{5}}-8\sqrt{\frac{22}{21}}+8\sqrt{\frac{2}{7}}+\frac{20}{9}\right)$$\end{document}$$ii.The fifth version of geometry index is defined as;$$\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}(G)=\sum _{xy\in E(G)}\frac{2\sqrt{{s}_{x}{s}_{y}}}{{s}_{x}+{s}_{y}}$$\end{document}$$Table 2Edge partition of BN graph based on the sum of the degrees of neighborhood vertices.(*s*~*x*~, *s*~*y*~)Number of edges(4, 5)$\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}$$\end{document}$ index of hexagonal boron nitride graph, by substituting the values of Table [2](#Tab2){ref-type="table"} in above expression $\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}(G)$$\end{document}$. It becomes as follows through easy computations.$$\documentclass[12pt]{minimal}
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                \begin{document}$$G{A}_{5}(BN)=3{n}^{2}+\left(\frac{16\sqrt{42}}{13}+\frac{3\sqrt{7}}{2}-8\right)n-\left(\frac{32\sqrt{42}}{13}-\frac{4\sqrt{35}}{3}+\frac{4\sqrt{7}}{2}-\frac{16\sqrt{5}}{9}-7\right)$$\end{document}$$

**Theorem 1.3**. For the carbon nanotube (CNT) graph for $\documentclass[12pt]{minimal}
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**Proof:** The carbon nanotube (CNT) graph is shown in Fig. [2](#Fig2){ref-type="fig"}. The CNT graph has three types of edges in terms of degree of vertices. This sort of edge partition presented below in Table [3](#Tab3){ref-type="table"}.i.The ABC index of a graph G is defined as;$$\documentclass[12pt]{minimal}
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Results and Discussions {#Sec4}
=======================
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